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SUMMARY

The prediction of shock-induced oscillations over transonic rigid airfoils is important for a better
understanding of the bu�eting phenomenon. The unsteady resolution of the Navier–Stokes equations
is performed with various transport-equation turbulence models in which corrections are added for non-
equilibrium �ows. The lack of numerical e�ciency due to the CFL stability condition is circumvented
by the use of a wall law approach and a dual time stepping method. Moreover, various numerical
schemes are used to try and be independent of the numerical discretization.
Comparisons are made with the experimental results obtained for the supercritical RA16SC1 airfoil.

They show the interest in using the SST correction or realizability conditions to get correct predictions
of the frequency, amplitude and pressure �uctuations over the airfoil. Copyright ? 2004 John Wiley &
Sons, Ltd.
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1. INTRODUCTION

The numerical simulation of unsteady turbulent �ows around airfoils is motivated by the need
to better understand complex �ow phenomena appearing in aeronautic applications such as
�ows over aircraft wings. The present work focuses on the transonic bu�et. This aerodynamic
phenomenon results in a self-sustained periodic motion of the shock wave over the surface
of the airfoil, due to the development of instabilities caused by the boundary layer separation
and the shock wave interaction. The shock-induced oscillations (SIO) over rigid airfoils in
transonic regime have been classi�ed by Tijdeman for forced instabilities using a moving
trailing edge �ap [1]. A detailed description of the physical features of SIO is given by
Lee [2]. This problem is of primary importance for aeronautic applications as it can lead
to the bu�eting phenomenon through the mechanical response of the wing structure. The
large amplitude periodic variation of lift associated with bu�et limits the cruising speed of
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commercial aircraft and severely degrades the manoeuverability of combat aircraft. Accurate
predictions of such �ow phenomena is of signi�cant technological interest and their simulation
remains a challenging problem due to the complex physics involved.
Today, despite the fast improvement of computer performances, the unsteady resolution

of the Navier–Stokes equations remains a di�cult problem. Three-dimensional time-
dependent computations obtained with large eddy simulations (LES) and especially with direct
simulations (DNS) are not yet practical for this kind of applications because of the high de-
mands in computer resources. In this study, the Reynolds decomposition was used with an
averaged statistical processing resulting in the RANS equations for the mean �ow quantities.
This approach leads to a low-frequency separation between modelled and computed scales.
It is well known that these equations can be legitimately used for �ows in which the time
scale of the mean �ow unsteadiness is much larger than the characteristic time scale of the
turbulence. This is the case with the transonic bu�et in which the shock-induced oscillation
frequency is around 100 Hz.
The Reynolds decomposition introduces additional unknown quantities like the Reynolds

stress tensor and requires a turbulence model to close the equation system. Various turbu-
lence closures can be found in the literature of unsteady numerical simulation �ows associated
with bu�et, oscillating airfoils or dynamic stall. Models are more or less sophisticated, from
the Baldwin–Lomax algebraic model [3, 4], to one or two transport-equation models [5–9],
to EARSM [8], RSM [9] and non-linear models [9]. Regarding the shock location for steady
�ows, algebraic models cannot give predictions with an acceptable level of accuracy. The
standard eddy-viscosity models based on the linear Boussinesq relation are known to be
a�icted by numerous weaknesses, including seriously excessive generation of turbulence at
impingement zones, an inability to capture the boundary layer separation and a violation of
realizability at large rates of strain. Moreover, these models are formulated following the
spectral energy of Kolmogorov with an equilibrium assumption of turbulence and they are
calibrated for steady �ows. However, for unsteady �ows, the presence of coherent structures
can break this equilibrium and lead to a di�erent energy distribution. An observed conse-
quence is the over-production of eddy-viscosity, which limits the unsteadiness development
and modi�es the �ow topology. The present study investigated some corrections for stan-
dard linear models such as the shear stress transport (SST) Menter correction and the use
of realizability constraints. A �rst study was conducted, consisting of numerical simulation
of transonic bu�et over airfoils [10] with the SST correction. It were shown the great in�u-
ence of this limiter for two-equation models and good results were obtained. Other ways of
limiting the eddy-viscosity or the production of turbulence kinetic energy can be used, such
as a decrease the value of the C� coe�cient [11] or the introduction of the vorticity in the
production term [12] but they were not tested.
Another important aspect concerns the numerical methods and the computer cost. Indeed,

unsteady RANS computations with turbulence models remain expensive. Explicit methods
solved the equations using a global time step computed as the minimum of the local time
step associated with each grid cell. The CFL stability criterion drastically reduces the method
e�ciency for �ne meshes for which the dimensionless mesh size at the wall must be of unity
order, in wall units. To overcome this di�culty, a wall law approach is used to relax the mesh
re�nement near the wall [13]. Moreover, computations are performed with an e�cient implicit
method allowing some large time steps and with the dual time-stepping approach allowing
the use of acceleration techniques such as multigrid algorithm and local time step. Finally,
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TURBULENCE MODEL AND NUMERICAL SCHEME ASSESSMENT 1129

the paper presents a numerical scheme comparison to study the in�uence of the scheme on
these unsteady computations and to try and be independent of the spatial discretization.

2. NUMERICS

The numerical simulations were carried out using an implicit CFD code solving the uncoupled
RANS=turbulent systems for multi-domain structured meshes. This solver is based on a cell-
centred �nite-volume discretization.

2.1. Governing equations

The compressible RANS equations coupled with a two-equation turbulence model in integral
form are written for a cell of volume � limited by a surface � and with an outer normal n.
These equations can be expressed as:

d
dt

∫
�
w d� +

∮
�
Fc:n d�−

∮
�
Fd :n d�=
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S d�
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(1)

where w denotes the conservative variables, Fc and Fd the convective and di�usive �ux densi-
ties and S the source terms which concern only the transport equations. � is the length scale
determining variable.
The exact expression of the eddy viscosity �t and the source terms depends on the turbu-

lence model, as well as the constants �k and ��.
The total stress tensor 		� is evaluated following the Stokes hypothesis and the Boussinesq

assumption. The total heat �ux vector q is obtained from the Fourier law with the constant
Prandtl number hypothesis.
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q= qv + qt =−
(
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Pr
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Prt

)
Cp grad T (3)

2.2. Numerical methods

For the mean �ow, the space-centred Jameson scheme [14] was used. It was stabilized by a
scalar arti�cial dissipation consisting of a blend of 2nd and 4th di�erences. For the turbulence
transport equations, the upwind Roe scheme [15] was used to obtain a more robust method.
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1130 E. GONCALVES AND R. HOUDEVILLE

The second-order accuracy was obtained by introducing a �ux-limited dissipation [16]. The
Harten’s entropy correction was used.
Time integration was performed through a matrix-free implicit method [17, 18]. The

implicit method consists in solving a system of equations arising from the linearization of
a fully implicit scheme, at each time step. The main feature of this method is that the storage
of the Jacobian matrix is completely eliminated, which leads to a low-storage algorithm. The
viscous �ux Jacobian matrices are replaced by their spectral radii. The convective �ux are
written with the Roe scheme instead of the Jameson scheme because of the dissipation term,
the use of an inconsistent linearization having no consequence for steady computations. The
Jacobian matrices which appear from the linearization of the centred �uxes are approximated
with the numerical �uxes and the numerical dissipation matrices are replaced by their spectral
radii.
Concerning the turbulence transport equations, the di�usive �ux Jacobian matrix are also

replaced by their spectral radii. The source term needs a special treatment [19]. Only the
negative part of the source term Jacobian matrix is considered and replaced by its spectral
radius.
The implicit time-integration procedure leads to a system which can be solved directly

or iteratively. The direct inversion can be memory intensive and computationally expensive.
Therefore, an implicit relaxation procedure is preferred and the point Jacobi relaxation algo-
rithm was chosen.
For steady-state computations, convergence acceleration was obtained using a local time step

and the full approximation storage (FAS) multigrid method proposed by Jameson [20, 21].
Forcing functions are de�ned on the coarser grids and added to the residuals used for the
stepping scheme. The corrections computed on each coarse grid are transferred back to the
�ner one by trilinear interpolations. The turbulent equations are only solved on the �ne grid
and the computed eddy viscosity �t is transferred to the coarse grids. The multigrid algorithm
is applied through a V type cycle.
For unsteady computations, the dual time stepping method, proposed by Jameson [21], was

used to tackle the lack of numerical e�ciency of the global time stepping approach. The
derivative with respect to the physical time is discretized by a second-order formula. Making
the scheme implicit with respect to the dual time provides fast convergence to the time-
accurate solution. Between each time step, the solution is advanced in a dual time and
acceleration strategies developed for steady problems can be used to speed up the convergence
in �ctitious time. The initialization of the derivative with respect to the physical time was
performed with a �rst-order formula.

2.3. Far �eld conditions

At the outer edge of the computational domain, a non-re�ecting condition is used with a
vorticity correction in order to simulate a uniform in�nite �ow. It is deduced from the �ow
�eld induced by a single vortex, the strength of which is given by the airfoil lift [22].

2.4. Turbulence models

Various popular two-equation turbulence models were used in the present study: the Smith
k–l model [23, 24], the Wilcox k–! model [25], the Menter SST k–! model [26, 27], the
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high Reynolds version of the Jones–Launder k–� model [28], the Kok k–! model [29] and
also the one-equation Spalart–Allmaras model [30, 31].
As the discretization scheme does not insure the positivity of the turbulent conservative

variables, limiters were used to avoid negative k or � values. These limiters were set equal
to the corresponding imposed boundary values in the far �eld.

2.4.1. SST correction. The Menter correction is based on the empirical Bradshaw’s assump-
tion which binds the shear stress to the turbulent kinetic energy for two-dimensional boundary
layer. This correction was extended for the k–� model and the k–l model.

2.4.2. Non-equilibrium correction. The non-equilibrium correction of Smith [32], developed
for the k–l model, consists in modifying the computation of the eddy viscosity by introducing
a function �

�t =��teq ; �=
�− 0:25�1=2 + 0:875

�3=2 + 0:625
; �=

min(Pkeq ; 0)
�

(4)

where the subscript eq denotes the equilibrium value. The non-equilibrium function was
chosen to limit the eddy-viscosity when production is greater than dissipation and to increase
the viscosity above the equilibrium model value in the contrary case.

2.4.3. Durbin correction—link with realizability. Based on the realizability principle (the
variance of the �uctuating velocity components should be positive and the cross-correlations
bounded by the Schwartz inequality), a minimal correction was derived for two-equation
turbulence models and was shown to cure the stagnation-point anomaly [33]. The condition
to ensure realizability in a three-dimensional �ow is

C�6
1
s
√
3
; s=

k
�
S; S2 = 2SijSij − 2

3
S2kk (5)

A weakly non-linear model was thus obtained [34] with a C� coe�cient function of the
dimensionless mean strain rate

C�= min
(
Co�;

c
s
√
3

)
with c61 (6)

where Co� is set to the constant value 0.09. Durbin �xed the value of the constant c to 0.5
for good results in impinging jets [35]. Then, the following relation was obtained for the k–�
model:

�t =�C�
k2

�
; C�= min

(
Co�;

0:3
s

)
(7)

And for the k–! model

�t =�C�
k
!
; C�= min

(
1;
0:3
Co�s

)
(8)

It should be noted that this correction is similar to the SST formula by replacing � with S.
Yet, the Durbin correction is established with mathematical concepts and is available for
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1132 E. GONCALVES AND R. HOUDEVILLE

three-dimensional �ows whereas the SST correction is based on an empirical two-dimensional
hypothesis. This model has been successfully tested on shock wave=boundary layer interactions
with the Wilcox k–! model [34].

2.4.4. Recalibration of the constants for the Kok model. The Kok model has been built in
order to resolve the dependence on freestream values of !. The turbulence transport equations
of the model are given by

@�k
@t

+ div[�kV − (�+ �k�t)grad k]=Pk − �∗�k!

@�!
@t

+ div[�!V − (�+ �!�t)grad!]=P! − ��!2 + �d �! grad k grad!

Kok obtained additional constraints for the constants

�! − �k + �d ¿ 0

�k − �d ¿ 0

The choice of Kok was

�!=0:5; �k =2=3; �d=0:5

The constant values were changed, following all constraints, to show the sensitivity of
the model to the cross-di�usion term grad k grad! in the ! equation for these unsteady
computations.

test 1: �!=0:5; �k =2=3; �d=0:65

test 2: �!=0:5; �k =1; �d=0:85

2.5. Wall law approach

At the wall, a no-slip condition was used coupled to a wall law treatment. It consists in
imposing the di�usive �ux densities, required for the integration process, in adjacent cells to
a wall. The shear stress � and the heat �ux q are obtained from an analytical velocity pro�le

	u+ =y+ if y+¡11:13

	u+ =
1
�
ln y+ + 5:25 if y+¿11:13

	u+ = 	u=U�; y+ =
yU�
	w

(9)

In Equation (9), 	u represents the van Driest [36, 37] transformed velocity for compressible
�ows.
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Concerning transport-equation turbulence models, k was set to 0 at the wall and its produc-
tion was imposed according to the formulation proposed by Viegas and Rubesin [38, 39]. The
second variable was deduced from an analytical relation and was imposed in adjacent cells
to a wall. The characteristic length scale of the Chen model [40] was used for the dissipation
rate � and the speci�c dissipation !. For the Smith model, a standard linear law for the length
l was used.
For the one-equation Spalart–Allmaras model, the transported quantity was imposed in

adjacent cells to a wall by using the closure relations of the model, the velocity pro�le and
a mixing-length formulation for the eddy-viscosity. More details concerning the wall law
approach are given in Reference [11].
For unsteady boundary layers, the existence of a wall law was assumed valid at each instant.

As shown in Reference [41], the velocity phase shift is nearly constant in the logarithmic
region and equal to the shift of the wall shear stress phase. This is true for a Strouhal number
up to 10.
When using the wall law approach with the multigrid algorithm, the wall law boundary

condition was applied on the �ne grid and the no-slip condition was applied on the coarse
grids.

3. NUMERICAL RESULTS

3.1. Experimental conditions

The experimental study was conducted in the S3MA ONERA wind tunnel [42] with the
RA16SC1 airfoil. It is a supercritical airfoil with a relative thickness equal to 16% and
a chord length equal to 180 mm. The RMS pressure �uctuations were measured from 36
Kulite transducers installed in the airfoil. The �ow conditions were: M∞=0:732, Ti=283 K,
Rec = 4:2 × 106 and the angle of attack varied from 0 to 4:5◦. Transition was �xed near the
leading edge at x=c=7:5% on both sides of the airfoil.

3.2. Computational conditions

For the computations, experimental corrections were used. The Mach number was decreased by
0.09 and the angle of attack was decreased by 1◦ at all incidences with respect to experiment.
The grid was a C-type topology. It contained 321 × 81 nodes, 241 of which were on the
airfoil (cf. Figures 1 and 2). The y+ values of the coarse mesh, at the centre of the �rst cell,
are presented in Figure 3 for a steady computation at �=4◦.
The numerical parameters used for the computations were:

• the dimensionless time step, 
t∗=
tai=c=0:2 where c is the chord of the airfoil and
ai the stagnation sound velocity,

• grid levels for the multigrid method, 2,
• sub-iterations of the dual time stepping method, 75 up to 100,

By increasing the number of sub-iterations, it was checked that the same solution was achieved.

• the CFL number, 200,
• Jacobi iterations for the implicit stage, 14,
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Figure 2. Enlargement of the trailing edge of the mesh.
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Figure 3. y+ values of the �rst cell—4◦ angle of attack—steady computations.

• the arti�cial dissipation of the Jameson scheme introduces two coe�cients, one for the
second-di�erence term: 
2 = 0:5 and one for the fourth-di�erence term: 
4 = 0:016. For
the second grid level, the coe�cient 
4 was �xed at 0.032,

• the coe�cient of the Harten’s correction, 0.05.
Computations started from a uniform �ow-�eld using a local time step and one grid level.

After 50 iterations, the dual time stepping method was used with the multigrid algorithm and
oscillations develop with a growing amplitude.

3.3. Comparison of turbulence models

The frequency f and the amplitude of the lift coe�cient 
CL are reported in Table I for all
turbulence models and for three angles of attack �=3; 4 and 5◦, corresponding to the bu�et
onset, established phenomenon and bu�et exit, i.e. the return to a steady state, respectively.
The capacity of turbulence models to restitute the natural unsteadiness of the �ow without

and with any correction was �rst examinated.
The Spalart–Allmaras model can reproduce the bu�et phenomenon, the frequency being

underestimated with respect to the experimental values. The lift amplitude was very weak for
the bu�et onset and the bu�et exit was not obtained.
The Smith k–l model needs a correction to obtain unsteady results. The Smith correction

does not seem to be e�cient for these unsteady computations. Yet, the SST corrections
enable the model to simulate the bu�et. As for the Spalart–Allmaras model, the lift amplitude
was largely underestimated for the bu�et onset and the bu�et exit was not predicted. The
Jones–Launder k–� model can provide unsteady solutions without any correction. Yet, the lift
amplitude was largely underestimated for �=4◦ and the model completely damped the natural
unsteadiness for the onset. The shock-induced oscillations appear at an angle of attack of 3:7◦
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Table I. Frequency and amplitude of the lift coe�cient.

� = 3◦ � = 4◦ � = 5◦

Model f (Hz) 
CL f (Hz) 
CL f (Hz) 
CL

Experiment 88 0.11 100 0.308 Probably
steady state

Spalart–Allmaras 82 0.0146 92 0.325 100 0.55
k–l — — Steady state — —
k–l corrected — — Steady state — —
k–l SST 79.5 0.0084 97.6 0.296 101.8 0.53
k–� Steady state 95.6 0.17 97.6 0.43
k–� SST Steady state 95.6 0.48 101.8 0.67
k–� Durbin 85.2 0.012 93.7 0.437 101.8 0.67
k–! Wilcox — — Steady state — —
k–! Menter — — Steady state — —
k–! SST Menter 90 0.11 96.6 0.33 Steady state
k–! Kok Steady state 94.6 0.26 95.6 0.48
k–! Kok SST Steady state 94.6 0.26 96.6 0.445
k–! Kok Durbin Steady state 94.6 0.26 96.6 0.45

rather than 3◦ for the experimental value. Thanks to the addition of the SST correction a
larger amplitude of the lift coe�cient was obtained but the bu�et onset was not predicted.
The realizability conditions of Durbin enable the model to predict the bu�et onset but the lift
coe�cient amplitude obtained is largely underpredicted. For the established phenomenon, the
amplitude is closer to the experimental value when using the Durbin correction in comparison
with the use of the SST correction. The back to a steady state was not simulated for the three
computations with the k–� model.
The Wilcox and Menter k–! models fail to compute this application, the results obtained

being completely steady. Adding the cross-di�usion term grad k grad! in the ! equation
of the Menter model, in comparison with the Wilcox model, does not enable the model to
predict shock-induced oscillations. Adding the SST correction to the Menter model has a great
in�uence and allows self-sustained oscillations to be predicted with a very good agreement
with respect to the experimental data.
The Kok k–! model can compute natural unsteadiness for the established phenomenon but

the bu�et onset and the bu�et exit are not predicted. It seems that the SST corrections and
the realizability constraints do not modify the behaviour of the model.
The recalibration of the constant of the Kok model was tested for the three angles of attack.

The frequency and amplitude of the lift coe�cient are reported in Table II. Increasing the
�d coe�cient induced an increased amplitude of the lift coe�cient for all angles of attack
and allowed the prediction of the entrance in the SIO domain. Yet, there is no bu�et exit at
�=5◦.
When comparing all turbulence models, the best results are clearly obtained with the SST

Menter model, for the three angles of attack. The amplitude of the lift coe�cient is remarkably
predicted and the bu�et exit is only predicted when using this model. All these results show
the interest of the use of a correction for this unsteady application.
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Table II. Frequency and amplitude of the lift coe�cient—Kok model.

� = 3◦ � = 4◦ � = 5◦

Model f (Hz) 
CL f (Hz) 
CL f (Hz) 
CL

Experiment 88 0.11 100 0.308 Steady state
k–! Kok Steady state 94.6 0.26 95.6 0.48
k–! Kok—test 1 91 0.051 93.7 0.318 95.6 0.55
k–! Kok—test 2 87.6 0.084 91 0.46 91 0.735
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Figure 4. RMS pressure �uctuations over the airfoil—� = 3◦.

The RMS values of the pressure �uctuations over the airfoil are compared in Figure 4
with experimental results at the angle of attack �=3◦. The pressure side is represented by
the negative values of the abscisse. The SST Menter model clearly provides the best result.
Over the pressure side the computed pressure �uctuation is in very close agreement with
the measured values. The peak on the upper side, corresponding to the shock movement, is
well located but underestimated by 15%. The results obtained by the other turbulence models
are very far from the experimental data, pressure �uctuations over the airfoil being largely
underestimated.
Figure 5 presents the RMS pressure �uctuations over the airfoil obtained with the modi�ed

Kok k–! models. For the two tests, the peak over the upper side is at a downstream location
in comparison with the experiment. Both models under-estimate the maximum value on the
upper side, especially the test-1 modi�ed model and the amplitude of the shock displacement.
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Figure 5. RMS pressure �uctuations over the airfoil—� = 3◦ k–! models.

Over the pressure side, the test-1 Kok model under-predicts the level of pressure �uctuations.
It seems that the increase in the coe�cient �d allows a better capture of the unsteadiness of
the �ow.
The RMS values of the pressure �uctuations over the airfoil are plotted in Figure 6 for

an angle of attack �=4◦ and just for the k–� models. The great in�uence of the SST cor-
rection and the realizability constraints can be observed. Without any correction, the pres-
sure �uctuations are largely under-estimated on the pressure side and on the trailing edge
of the upper side. The amplitude of the shock displacement are too weak in comparison with
the experimental values and the peak is not well located on the upper side. With corrections,
the pressure �uctuations on the trailing edge of the upper side are close to the experimental
data. The amplitude of the shock and the peak location are in better agreement with the ex-
periment. Yet, the maximum value on the upper side is over-predicted while, on the pressure
side, the �uctuations level is over-estimated. The change of the value of the constant c in the
realizability constraints should improve the results.
The RMS pressure �uctuations over the airfoil obtained with the Kok k–! models are the

same and are not plotted together. In Figure 7, the RMS pressure �uctuations are plotted
for all generic turbulence models. Over the pressure side, the k–� model with the Durbin
correction over-predicts the pressure �uctuation and all other models give good results. Over
the upper side, the peak is well located except for the Kok model. The maximum value is
under-estimated by the SST Menter model. Downstream the shock location, at the trailing
edge, a large discrepancy with experimental values, which can reach 50%, is observed for all
models.
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Figure 6. RMS pressure �uctuations over the airfoil—� = 4◦ k–� models.
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Figure 7. RMS pressure �uctuations over the airfoil—� = 4◦.
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Figure 8. RMS pressure �uctuations over the airfoil—� = 4◦.

Finally, the RMS values of the pressure �uctuations over the airfoil are presented in Figure 8
for the modi�ed Kok k–! models. When the constant �d is increased, the displacement of
the shock over the upper side is extended and the pressure levels become more important.

3.4. In�uence of the numerical scheme

The previous paragraph analysed various turbulence models computed with one numerical
scheme for the mean �ow: the Jameson scheme. This part presents the in�uence of the numeri-
cal scheme, all computations being carried out with one turbulence model. For
the quality of results, the SST Menter model was selected. Concerning the integration of
the turbulent transport equations, a second-order Roe scheme is always used.
We consider the upwind Roe scheme [15], the AUSM+Liou scheme [43] and the Jameson

scheme in which the dispersive error is cancelled. The Roe and Liou schemes being of �rst-
order spatial accuracy, the MUSCL extrapolation is used to increase the spatial accuracy.
Extrapolated values at a cell interface are given by

wLi+1=2; j =wi; j +
1
4 [(1− �)(wi; j − wi−1; j) + (1 + �)(wi+1; j − wi; j)] (10)

wRi−1=2; j =wi; j − 1
4 [(1 + �)(wi; j − wi−1; j) + (1− �)(wi+1; j − wi; j)] (11)
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Table III. Frequency and amplitude of the lift coe�cient.

� = 3◦ � = 4◦ � = 5◦

Model f (Hz) 
CL f (Hz) 
CL f (Hz) 
CL

Experiment 88 0.11 100 0.308 Probably
steady state

Jameson 90 0.11 96.6 0.33 Steady state
Roe MUSCL 90 0.014 99.7 0.3 Steady state
AUSM+ MUSCL 90 0.018 98.6 0.307 Steady state
Jameson corrected 91 0.097 97.6 0.327 99.7 0.46

The constant � is set to 1
3 . This choice allows the dispersive error to be minimized and the

third-order spatial accuracy to be approached. Although the �ow presents a discontinuity with
the shock wave, no slope limiter, ensuring the TVD property, was used. Indeed, computations
of the bu�et over transonic airfoil with a limited Roe-MUSCL scheme showed the great
in�uence of the slope limiter on the amplitude of the lift coe�cient [44].
The frequency and amplitude of the lift coe�cient are reported in Table III for all numerical

schemes and for the three angles of attack. For the entrance in the SIO domain, at �=3◦, the
amplitude of the lift coe�cient is largely under-estimated with the Liou and Roe schemes.
In comparison with the experiment, the lift amplitude obtained with the Jameson corrected is
less close to the result obtained with the Jameson scheme.
For the established phenomenon, at �=4◦, the Liou and Roe schemes gave very close

results with respect to the experiment, in comparison with the result obtained with the Jameson
scheme. The use of the Jameson corrected scheme allows the improvement of the frequency
and amplitude of the lift coe�cient.
For the bu�et exit, at �=5◦, the back to a steady state is predicted by all schemes except

by the Jameson corrected one. The computed exit of the SIO domain is probably due to a
numerical artefact.
The RMS values of the pressure �uctuations over the airfoil are plotted in Figure 9 for

an angle of attack �=4◦. The Jameson schemes provide approximately the same solution.
The Roe and Liou schemes largely under-predict the peak in the suction side. It is surprising
that the Jameson scheme gives better results than the Roe and Liou schemes which are less
dissipative.
To explain these surprising results, weighted schemes were implemented to take into con-

sideration the mesh deformation. Indeed, as shown in Figure 2, the second adjacent cell to
a wall is largely �ner than the �rst one, due to the use of a wall law approach. This im-
portant change of cell size induces a loss of spatial accuracy which can be corrected. The
centred numerical �uxes and the gradient computations are corrected by using a weighted
discretization operator �̃wi+1=2 instead of the classical operator �wi+1=2 = 0:5(wi+1 +wi). Let A
and B two points and M an interior point of the segment AB, the weighted discrete operator
is de�ned by

�̃BAwM =
MB
AB

wB +
AM
AB

wA (12)
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Figure 9. RMS pressure �uctuations over the airfoil—� = 4◦.

For the MUSCL reconstruction, a correction is also used, the extrapolated values at a cell
interface become, for three points P;Q; R corresponding to i − 1; i; i + 1

wLi+1=2; j =wi; j +
PR
2PQ

[
(1− �)(wi; j − wi−1; j) +

(
1 +

PR
RQ

�
)
(wi+1; j − wi; j)

]
(13)

wRi−1=2; j =wi; j − PR
2PQ

[
(1 + �)(wi; j − wi−1; j) +

(
1− PR

RQ
�
)
(wi+1; j − wi; j)

]
(14)

It is also possible to take into account the mesh deformation in the computation of the
Jameson arti�cial dissipation. The formulation of the third derivative of the conservative vari-
able �3w, for four points M;P;Q; R corresponding to i − 2; i − 1; i; i + 1, can be expressed

�3wi+1=2; j=6PQ3
(

wi+1; j
RQ×PR×MR +

wi; j
QR×PQ×MQ +

wi−1; j
PQ×PR×MP − wi−2; j

MQ×MR×PM
)

Yet, the use of the corrected arti�cial dissipation (called Jameson weighted 2 in the fol-
lowing) makes the convergence more di�cult to obtain. The 
4 coe�cient is set to 0.032 for
the �rst level grid. The Jameson scheme in which the dispersive error has been cancelled is
not tested with a weighted formulation.
The frequency and the amplitude of the lift coe�cient are reported in the Table IV only

for one angle of attack �=4◦. The weighted correction yields an increase of the amplitude
of the lift coe�cient and a reduction of the frequency for all schemes.
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Table IV. Frequency and amplitude of the lift coe�cient.

� = 4◦

Scheme f (Hz) 
CL

Experiment 100 0.308
Jameson 96.6 0.33
Jameson weighted 96.6 0.346
Jameson weighted 2 95.6 0.343
Roe MUSCL 99.7 0.30
Roe MUSCL weighted 96.6 0.34
AUSM+ MUSCL 98.6 0.307
AUSM+ MUSCL weighted 98.6 0.358
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Figure 10. RMS pressure �uctuations over the airfoil—� = 4◦.

The RMS values of the pressure �uctuations over the airfoil are plotted in Figure 10
for �=4◦. We can see that the weighted correction allows to improve the result for all
schemes in comparison with the experimental values and with the standard Jameson scheme.
Moreover, results obtained with the Roe and Liou schemes are approximatively identical and
are very closer to those obtained with the Jameson weighted scheme. We choose to use the
Roe-MUSCL weighted scheme in the following of the article rather than the Jameson weighted
scheme. Indeed, it allows to eliminate two parameters, the 
2 and 
4 coe�cients.
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Table V. Frequency and amplitude of the lift coe�cient.

� = 4◦

Velocity pro�le f (Hz) 
CL

Experiment 100 0.308
Two-layer model 96.6 0.34
Spalding law 96.6 0.34

3.5. In�uence of the velocity pro�le in the wall law boundary condition

The wall law approach is based on the use of an analytical velocity pro�le in the turbulent
boundary layer. The two-layer model composed by a linear law and a logarithmic law is one
of the simplest. We have implemented the Spalding law [45], more sophisticated, to evaluate
the in�uence of the velocity pro�le. This law is given by

y+ = u+ + exp(−�C)
[
exp(�u+)− 1− �u+ − (�u+)2

2
− (�u+)3

6

]
(15)

The wall skin friction is computed from this law with a Newton algorithm.
A computation is realized with the Roe-MUSCL weighted scheme and the SST Menter

turbulence model for an angle of attack �=4◦. The frequency and the amplitude of the lift
coe�cient are reported in the Table V.
We note that the frequency of the shock-induced oscillations and the amplitude of the lift

coe�cient are identical with the two formulations.
The RMS values of the pressure �uctuations over the airfoil are plotted in Figure 11. Results

are very close, a little discrepancy is observed on the peak on the upper side. It seems that
the velocity pro�le has a weak in�uence for these unsteady computations.

3.6. In�uence of the Harten’s entropy correction

For the turbulence transport equation integration, numerical �uxes are computed with a second-
order Roe scheme in which the Harten correction is added. This correction was used for
transonic applications and improved the robustness of computations integrated down to a wall
with a very �ne mesh. The correction acts on the eigenvalue of the turbulent system, the
normal velocity to an interface, by truncating it near the wall. There is, a priori, no solid
arguments to use it for the turbulent system except the convergence aspect.
With the use of a wall law treatment, the robustness is largely improved and the Harten cor-

rection can be cancelled. A computation is realized with the Roe-MUSCL weighted scheme,
the SST Menter turbulence model, the Spalding velocity pro�le and without any Harten cor-
rection for an angle of attack �=4◦. The frequency and the amplitude of the lift coe�cient
are reported in the Table VI. We can see that the Harten correction has a signi�cant in�uence
on the amplitude of the lift coe�cient and limits the bu�et phenomenon.
The RMS values of the pressure �uctuations over the airfoil are plotted in Figure 12. The

Harten correction decreases the displacement of the shock wave over the upper side and limits
the pressure �uctuations over the airfoil. Without the Harten correction, results obtained are
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Figure 11. RMS pressure �uctuations over the airfoil—� = 4◦.

Table VI. Frequency and amplitude of the lift coe�cient.

� = 4◦

f (Hz) 
CL

Experiment 100 0.308
With Harten correction 96.6 0.34
Without Harten correction 93.7 0.40

in better agreement with the experiment over the suction side and over-predict the pressure
�uctuations over the pressure side (Table VII).

3.7. Simulation of the bu�et

Computations are made with the SST Menter turbulence model, the Roe-MUSCL weighted
scheme, the Spalding velocity pro�le and without the Harten correction for seven angles of
attack from �=3◦ up to �=6◦.
The entrance in the SIO domain is well predicted by the numerical simulation for both

frequency and amplitude of the phenomenon. The back to a steady state is evidenced by
the computations for an angle of attack of 6◦. That is one degree more in comparison with
the experimental value. It clearly shows the in�uence of the numerics on theses unsteady
computations for the bu�et exit.
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Figure 12. RMS pressure �uctuations over the airfoil—� = 4◦.

Table VII. Frequency and amplitude of the lift coe�cient.

SST Menter model Experiment

Angle of attack f (Hz) 
CL f (Hz) 
CL

� = 3◦ 89 0.106 88 0.11
� = 3:5◦ 90.1 0.28 92 0.25
� = 4◦ 93.7 0.40 100 0.31
� = 4:5◦ 96.6 0.44 108 0.26
� = 5◦ 98.6 0.50 Probably steady state
� = 5:5◦ 104 0.47 —
� = 6◦ Steady state —

The evolution of the reduced frequency 2�fc=U∞ and the RMS amplitude of the lift
coe�cient versus the angle of attack are plotted in Figures 13 and 14. Discrepancies between
computations and experimental data are observed but the tendency is well reproduced by the
computations. As the angle of attack grows, the frequency of SIO increases, the amplitude
of the phenomenon reaches a maximum value and decreases up to zero. Unfortunately, the
computed frequency is under-estimated and the RMS amplitude is over-predicted. It is di�cult
to explain the gap of one degree for the exit of the SIO domain.
The RMS values of the pressure �uctuations over the airfoil are plotted in Figures 15–17

for three angles of attack. The evolution of pressure �uctuations is remarkably estimated
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Figure 15. RMS pressure �uctuations over the airfoil—� = 3◦.
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Figure 16. RMS pressure �uctuations over the airfoil—� = 3:5◦.
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Figure 17. RMS pressure �uctuations over the airfoil—� = 4◦.

over the both side for all computations. The peak value is a little under-estimated for the
entrance of the bu�et. For the other angle of attack, the peak and the amplitude of the shock
displacement are well computed. Over the trailing edge of the pressure side, RMS values are
in good agreement with the experiment, the largest discrepancies are observed at the bu�et
onset.

4. CONCLUSION

The unsteady two-dimensional computations of the transonic bu�et over a supercritical airfoil
are performed with an implicit solver which reveals the great sensitivity to the turbulence
modelling and the numerical schemes. Usual turbulence models fail in correctly predicting
SIO and the introduction of a weakly non-linear correction in the de�nition of the eddy
viscosity yields better results. Two di�erent approaches are tested, the use of the empirical
Bradshaw’s assumption through the SST correction and the enforcement of the realizability
principle. Another approach consists in recalibrating the constant of the model for unsteady
�ows. For the Kok model, by increasing the constant of the cross-di�usion term, results are
improved and the bu�et onset can be predicted.
The paper presents also the in�uence of the numerical schemes and the signi�cant improve-

ments brought by considering the mesh deformation especially for the Roe and AUSM+Liou
schemes. The numerics has also a signi�cant in�uence for the computation of the SIO domain
exit to a steady state.
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Finally, the complete SIO domain is computed with a weakly non-linear turbulence model
and a weighted scheme associated with a wall law approach for the RA16SC1 airfoil. The
evolution of the frequency and the amplitude of the phenomenon is qualitatively well predicted.
The bu�et exit is also well reproduced but the corresponding angle of attack is shifted by
one degree. Yet, the RMS pressure �uctuations over the airfoil, directly relies on the physics
of the phenomenon, are in very good agreement with experimental values.

NOMENCLATURE

x; y; z local wall frame (boundary layer)
U� friction velocity
Cf shear stress coe�cient
Cp pressure coe�cient
Fc; Fd convective and di�usive �ux densities
Pk turbulent kinetic energy production
M∞ in�nite Mach number
Rec Reynolds number based on the mean chord
Ti stagnation temperature
u; v; w velocity components in the local wall frame
q total heat �ux, qv + qt

k turbulent kinetic energy
P static pressure
Pr; Prt Prandtl numbers
T mean static temperature
� angle of attack
� dissipation rate
� von Karman constant
! speci�c dissipation
�; �t molecular and eddy viscosity
� density
		� total stress tensor, �v + �t

w wall value
+ wall scale
1 adjacent cell with respect to the wall
v viscous
t turbulent
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